Introduction
Most sequences of polynomials that interest mathematicians fall into one of the following two categories or their generalizations: sequences of binomial type and sequences with persistant roots.
First of all, by a sequence of polynomials, we mean a set of polynomials p n indexed by nonnegative integers n which is their degree.
A sequence of polynomials is said to be of binomial type if it obeys the identity E y p n (x) = n X k=0 n k p n?k (x)p k (y) (1) where E y p(x) = p(x + y): Well known examples include the powers of x (in which case this is called the binomial theorem), the Abel polynomials x(x ? na) n?1 , the Laguerre polynomials, and so on.
Roman generalized this notion to formal power series in x ?1 without constant term. If (p n ) n 0 is a sequence of polynomials of binomial type, and (q n ) n<0 is a sequence of inverse formal power series of degree n obeying the identity E y q n (x) = Others such as Viskov have noticed that the derivative D can be replaced with a linear operator of the form Dx n = a n x n?1 (where a n 6 = 0 for all n) provided that the shift E a is replaced with P 1 k=0 a n D n =a 1 a 2 a n . Up to a constant, each choice of D gives rise to a di erent umbral calculus.
The third generalization of binomial type which we will consider is that of She er sequences. She er sequences are very closely related to Roman's special sequences. Given a sequence of binomial type (p n ) n 0 , we say that a polynomial sequence (q n ) n 0 is She er relative to (p n ) n 0 if
Examples here include the Bernoulli polynomials and the generalized Laguerre polynomials.
However, not all important sequences of polynomials are of binomial type even when the various generalizations above are taken into account. For that reason, we now turn to sequences with persistant roots. A sequence (p n ) n 0 is said to have persistant roots if p 0 (x) = 1 and p n+1 (x) = (x ? a n )p n (x). That is to say, all of the roots in p n persist in p n+1 with the addition of another root. Rational functions with persistant poles can be studied here by simply allowing n to be negative.
The theory of sequences of binomial type and of sequences with persistant roots is very rich and there are many results notably powerful formulas which allow the computation of one such sequence in terms of another of the same type. However, to go from an arbitrary (generalized) sequence of binomial type to an arbitrary (generalized) sequence with persistant roots with the current theory it is necessary to pass through a sequence that is both, for example x n .
What then are the sequences of binomial type with persistant roots?
We discovered that in the classical umbral calculus (a n = n) all such sequences have their roots in an arithmetic progression p n (x) = x(x ? a) (x ? (n ? 1)a):
If we allow Roman's special sequences, then the poles are given by a continuation of this progression p n (x) = 1=(x + a)(x + 2a) (x ? na) for n negative. Moreover, if we allow She er sequences, then we are no longer limited to progressions which start at zero.
SUMMARY OF NEW RESULTS]
2 Binomial Type Let us rst consider the problem of classical sequences of binomial type. When is a sequence with persistant roots of binomial type, and when does a sequence of binomial type have persistant roots?
A sequence of polynomials with persistant roots is mostly easily described by its sequence of roots. Theorem 2.1 characterizes what these roots must be for the sequence to be of binomial type.
Conversely, a sequence of polynomials of binomial type p n is most easily described by its basic delta operator . This operator is de ned by the relation p n = np n?1 , and it is a classic result of the umbral calculus that can be expressed as a formal power series in the derivative without constant term = aD + bD 2 + Corollary 2.1 gives characterizes this operator in the case that (p n ) n 0 has persistant roots. Theorem 2.1 A sequence of polynomials (p n ) n 0 with persistant roots a n is of binomial type if and only if a n = (n ? 1)a for some constant a. x n ? k y k ; (x) n is of binomial type. Now, note that p n (x) = a n (x=a) n , so (p n ) n 0 is of binomial type.
Only If: Since (p n ) n 0 is of binomial type, we have p 1 (0) = 0. Hence, a 0 must be equal to zero.
Suppose that a m = (m ? 1)a for all m < n (n > 1). Thus, p n (x) = x(x ? a)(x ? 2a) (x ? (n ? 2)a)(x ? b):
Now, by (1),
However, of this sum, only the terms k = 0 and k = 1 are not necessarily zero. We thus have
Removing the common factors on both sides leaves Proof: The left hand side is a formula for the coe cients of a sequence with persistant roots in terms of (the negatives of) its roots. The right hand side is a formula for the coe cients of a sequence of binomial type which follows from the formal generating function Corollary 3.2 A sequence of inverse formal power series with persistant roots (a n ) n 0 is special if and only if a n = (n ? 1)a for some constant a. 2 
She er
Suppose that (q n ) n 0 is She er relative to (p n ) n 0 . Then (p n ) n 0 is a sequence of binomial type with basic delta operator, say = a 1 D + a 2 D 2 + . In that case, we have q n = nq n?1 :
The sequence (q n ) n 0 is also associated with the invertible di erential operator de ned by p n = q n . Obviously, (q n ) n 0 is characterized by these two operators.
We can now characterize She er sequences with persistant roots and sequences with persistant roots which are She er. Theorem 4.1 1) Let (q n ) n 0 be the She er sequence with invertible di erential operator relative to the sequence of binomial type (p n ) n 0 with delta operator . Then (q n ) n 0 has persistant roots if and only if is of the form E c for some constant c and in addition is of the form D or (E d ? I)=d for some constant d (or equivalently that (p n ) n 0 has persistant roots).
2) Let (q n ) n 0 be a sequence with persistant roots a n . Then (q n ) n 0 is She er if and only if the sequence (a n ) n 0 forms an arithmetic progression.
Proof of 1: If: This follows directly from theorem 2.1.
Only If: Let c be the unique root of q 1 . Since (q n ) n 0 is She er relative to (p n ) n 0 , we have for n 1 q n (x + c) = P n k=0 n kq n?k (c)p k (x) Since (q n ) n 0 has persistant roots, we have q 0 = 1 by de nition. Combining this with q 1 (c) = 0 yields q n (x + c) = q 0 p n (x)
The result now follows from theorem 2.1.
Proof of 2: This follows from 1. 2 5 
Viskov THIS SECTION SHOULD COME FIRST, AND THE OTHER SECTION BE \EXAMPLES"]
Let (a n ) 1 n=1 be a sequence of non-zero constants, and let D be the generalized derivative Dx n = a n x n?1 and Dx 0 = 0. De ne b n = a 1 a n . Then de ne the generalized shift E a = P 1 k=0 a n D n =b n so that E a x n = P n k=0 bn bkbn?k a k x n?k : Let p n (x) = (x ? r 1 ) (x ? r n ) be a persistant sequence of polynomials. De ne the linear operator Q, Qp n (x) = a n p n?1 (x) (n > 0) and Qp 0 = 0. 5.1 Hyperbolic Umbral Calculus: a 3 = 5a 2 =2
Proof: Suppose r 2 6 = 0, E r2 p n (x) = P n k=0 bn bkbn?k p n?k (x)p k (r 2 ): However, p k (r 2 ) = 0 for k 2, and p 1 (x) = x. Thus, E r2 p n (x) = p n (x) + a n r 2 p n?1 (x). Hence, a n p n?1 (x) = (E r2 ? 1)p n =r 2 , and Q = (E r2 ? 1)=r 2 .
Suppose r 2 = 0. UGLY PROOF] Assume Q = D + R where R is an operator of order n. a 1 c 1 = Qx = Qp 1 (x) = a 1 p 0 (x) = a 1 , so a 1 = 1, and n 2. Now, the constant term of a n p n?1 (x) = Qp n (x) = Dp n (x) + Rp n (x) is zero, so the constant term of Rp n (x) is zero. This contradict the fact that R is an operator of order n in which case Rp n (x) should be a non-zero constant.2
Using Maple, we calculate the coe cients of Qp n for small n and compare them to those of a n p n?1 .
The leading coe cient of both is a n since c 1 = 1. There remains n ? 1 equations which can be reduced to n ? 2 constraints taking into account the above theorem.
For n = 3, we have the additional constraint r 3 = (2a 3 ? a 2 )r 2 =a 2 :
For n = 4, we have the additional constraints r 4 = (3a 4 ? 2a Note that D is only de ned up to a constant, so without loss of generality we can assign a 2 any convenient non-zero value. Also, the constant terms in all the polynomials in question are zero, so again without loss of generality, we can assign a 1 any non-zero value.
APPEARANTLY GIVEN THE CHOICE OF a 1 and a 2 THERE ARE 3 CHOICES FOR a 3 Let a n = n(2n ? 1). FOR n = 6; 7; 8, THE VARIOUS CONSTRAINTS FORCE a n and r n TO TAKE THE VALUES GIVEN. DOES THIS NECESSARILY CONTINUE?] The hyperbolic derivative is given by: The divided di erence shift is given by E a x n = x n + ax n?1 + + a n = (x n+1 ? a n+1 )=(x ? a). Thus, E a p(x) = (xp(x) ? ap(a))=(x ? a) and E a = 1=(1 ? aD). Note however, that the inverse of E a is not E ?a = 1=(1 + aD), but rather the divided di erence backshift For n = 6, there are four contradictory constraints on r 6 and a 6 . Thus, this root of a 3 does not lead to any persistant sequences of binomial type.
We have thus identi ed all the persistant sequences of generalized binomial type MODULO A NUMBER OF DETAILS TO IRON OUT], and the She er persistant sequences with respect to them. However, we have not necessarily found all persistant generalized She er sequences, since certain may be She er for a inpersistant sequence of binomial type having some Q other than that given above. Maple seems unable to take the She er calculations as far as the dividing point described above. More work to do: : :
